Mather's connecting theorem is proved with the elementary geometrical method essentially using the reversibility of the standard mapping instead of the variational method. In the proof of the existence of orbits connecting quasi-periodic orbits of the same rotation number, non-monotonic quasi-periodic orbits (NMQs) are found, in which almost all orbital points are located in the gap of the Aubry-Mather set. The dynamical order relations among NMQs are derived. The existence of orbits connecting orbits of different irrational rotation numbers is proved using also non-Birkhoff periodic orbits of the Farey type. As an application of our method, a partial proof of Greene's criterion is given.
§1. Introduction
Our interest is in the existence of orbits proved by Mather. 1), 2) In order to state our results in this paper, we present two well-known theorems. One is on the existence of the Aubry-Mather sets. The other is on Mather's connecting orbits in a region of instability. The latter orbits are the target of the present work. An areaand orientation-preserving twist map satisfying the zero-flux condition is named the 'exact area-and orientation-preserving twist map' (abbreviated as the EAPT).
Theorem A (Aubry-Mather 1)-4)
). For any rotation number ω, there is an actionminimizing invariant set projecting one-to-one on a Cantor set of S 1 , called the Aubry-Mather set in the EAPT, such that every orbit in it has a rotation number of winding around the cylinder equal to ω.
Let us denote by Σ ω the set of action-minimizing orbits of rotation number ω. As is well known, 5), 6) this set is divided into recurrent and non-recurrent components. The recurrent component Σ rec ω for irrational ω is the Aubry-Mather set (hereafter, the AM set). For rational ω = p/q, Σ rec p/q generally is a finite union of periodic orbits of saddle type with rotation number p/q (we will call these the p/q-Birkhoff saddle orbits), and the non-recurrent component consists of homoclinic orbits to these saddles. In a special case, when the system is integrable, Σ p/q degenerates into a curve.
For irrational rotation number ω, Σ rec ω is either a KAM (Kolmogorov-ArnoldMoser) curve or a Cantor set (the AM set), which is frequently called a Cantorus. This AM set is obtained as a limit of a sequence of action-minimizing periodic orbits with rotation number p n /q n such that p n /q n accumulates to ω as n tends to ∞. 7) When Σ rec ω is a Cantor set, we denote its gap by ∆ ω . The non-recurrent component of Σ ω consists of orbits asymptotic to end points of the Cantor set. These orbits live in the gap. Bangert 5) conjectured that Σ rec ω = Σ ω , that is, there is no actionminimizing point in the gap ∆ ω , for the generic case.
Let Z(ω − , ω + ) denote the Birkhoff region of instability, 8) where ω − and ω + (ω − < ω < ω + ) are the irrational rotation numbers of KAM curves forming the lower and upper boundaries of the region. We name the two boundaries ω − -KAM and ω + -KAM.
Theorem B (Mather's connecting theorem). For any two rotation numbers ω, ω ∈ [ω − , ω + ], there is a point z ∈ Z(ω − , ω + ) in the EAPT such that the ω(resp. α)-limit set of z is contained in Σ rec ω (resp. Σ rec ω ), provided that if ω = ω − (resp. ω = ω + ), then ω (resp. ω ) is irrational.
In the following, we discuss the case where ω is an irrational number. Mather's connecting orbit is locally, but not globally, action-minimizing. The bi-infinite configuration (. . . , x i , . . .) formed with the lifted successive angular coordinates of this orbit in the cylinder is constrained so that x i in the universal cover is in interval J i , and in addition, in the interior of J i , where J i 's satisfy the boundedness condition for large |i|. In this sequence, x i increases monotonically, which implies that the corresponding orbit may be monotonic. However, as an orbit, it is non-monotonic in the sense of Eq. (2 . 6). This fact is discussed in §4.
Theorem B has been proved by a different method by Kaloshin. 9) He simplified Mather's lengthy proof with an additional assumption that the linearization of any periodic point has no unit eigenvalue and has transversal intersections of its stable and unstable manifolds. In short, he assumed a kind of hyperbolicity of the AM set.
Here, we give yet another proof of Mather's connecting theorem. In our case, the twist map has two additional properties. The first one is the (Birkhoff) reversibility. The reversibility of the map replaces the variational method. Of course we do not claim that our method is better, but the proof is elementary. Due to the simplicity of the method, we can give more concrete examples of orbits so that we have clear geometrical images of connecting orbits. The results can be popularized easily. The second one is the assumptions of a weak hyperbolicity and of the number of Birkohff orbits. These are stated under the name of "Standing Assumptions" in what follows. We can prove our results, Theorems 1, 2, 3 and 4, without these assumptions. We add these to simplify the proof.
We would like to comment on Theorem B. We note that the contents of the theorem are different depending on whether ω = ω or ω = ω . In the case of ω = ω , the theorem asserts that there are heteroclinic orbits connecting the two orbits of rotation numbers ω and ω . This suggests that there may exist orbits that connect more than two orbits. Indeed, Mather 2) proved a second connecting theorem, saying that there are orbits which successively enter the i neighborhood of the orbit with rotation number ω i at the prescribed iteration for each i ∈ Z. Several authors later tried to use these orbits to show the existence of the Arnold diffusion in higher dimensional Hamitonian systems. 10), 11) When ω = ω , evidently, the connecting orbit has rotation number ω in the past and rotation number ω in the future. This is a homoclinic and quasi-periodic orbit.
Among such quasi-periodic orbits, there exists the quasi-periodic orbit satisfying the property that this orbit once departs from the Lipschitz curve on which the orbits of the AM set live. Owing to the existence of this small number of orbital points, this orbit is non-monotonic. This represents a new type of quasi-periodic orbit. We call this orbit a non-monotonic quasi-periodic orbit and denote it by NMQ. Two NMQs are born through saddle-node bifurcation. Mather's connecting orbits are locally action-minimizing. For the moment, we do not estimate the variation of the action, thus we do not know whether they are minimizing, minimaximizing, or maximizing. However, one of them is minimaximizing or maximizing.
What orbits exist in the gap ∆ ω of the AM set for irrational ω? This is a natural question but seems to be unanswered other than the possible existence of action-minimaximizing homoclinic and quasi-periodic orbits to the Cantor set. 12) In this paper, we present the answer that there exists infinitely many NMQs (Theorem 1). Most of their orbital points are located in the gaps, while a finite number of orbital points are outside the gaps.
The standard mapping T is an EAPT 13), 14) in the cylinder ( x ∈ S 1 , y ∈ R 1 ). It is represented as
Here, f (x) = a sin x and a is a positive parameter. Because 2π 0 f (x)dx = 0, the zero-flux condition is satisfied. The mapping has two fixed points at P = (0, 0) and Q = (π, 0), where P is a saddle and Q is an elliptic point at 0 < a < 4 or a saddle with reflection at a > 4.
The standard mapping is Birkhoff reversible, that is, it can be written as the product of two involutions H and G as
The two involutions H and G are defined by
These represent the left-right symmetry. 15), 16) All the discussions will be done in the universal cover R × R of the cylinder, where the coordinates are (x, y). The lifted points of P and Q in the universal cover are represented as P n,0 = (2nπ, 0) and Q n,0 = ((2n + 1)π, 0), where n is an integer. The lift T of the standard mapping satisfies the monotone twist condition ∂(x n+1 − x n )/∂y n = 1 = 0.
We give our standing assumptions. The meaning of these assumptions has been discussed in Ref. 16 ).
Standing Assumptions.
(I) Stable and unstable manifolds of each Birkhoff saddle intersect transversely.
(II) The number of Birkhoff periodic orbits is exactly two for every rational rotation number p/q in lowest terms.
Some remarks are in order. Standing Assumptions are used to simplify the construction of resonance chains (see Paper I). We know there are two symmetric Birkhoff periodic orbits for every p/q in lowest terms. It is numerically confirmed that there are no other Birkhoff periodic orbits for the same p/q. We change this numerical observation into Standing Assumption (II). Then we only need to consider symmetric Birkhoff periodic orbits to construct resonance chains.
Bangert [Theorem (5.8) of Ref. 5) ] proved that neighboring Birkhoff saddles of the same rotation number are connected by homoclinic orbits. This implies that two neighboring saddles form a resonance region enclosing a Birkhoff elliptic point. Connecting all resonance regions of the same rotation number, we obtain a resonance chain. Standing Assumption (I) assures that homoclinic points are transverse. This simplifies the usage of homoclinic lobes associated with resonance chains.
Here, we present our main results, Theorems 1 through 4. Let us present an outline of the proof of Theorem 1(i). From the definition, a p/q-NB with p = p n + p m and q = q n + q m has q n orbital points in the resonance chain of the p n /q n -BE, and q m orbital points in the resonance chain of the p m /q m -BE. We denote this NB also by a p n /q n ⊕ p m /q m -NB. We consider a sequence of p n /q n ⊕ p m /q m -NBs in which p n /q n is fixed, while p m /q m accumulates at ω as m tends to ∞. The limiting orbit has its q n orbital points in the resonance chain of the p n /q n -BE, and all of its future orbital points are on the Lipschitz curve of rotation number ω. Now, our orbit is symmetric. The orbit has a point in the symmetry axis of reversibility G or H and the orbit is reversible with respect to this axis, which means that the past orbital points are on the Lipschitz curve of rotation number ω. This orbit has rotation number ω and is quasi-periodic.
In the proof of Theorem 1(i), we fixed p n /q n . In the proof of Theorem 1(ii), we let p n /q n accumulate at ω as n tends to ∞. Then, p n /q n ⊕ ω-NMQs tend to the monotonic quasi-periodic orbit with rotation number ω.
In §2.7, we give the definition of p n q n ⊕ ω-NMQ used in Theorems 1(i) and (ii). Theorem 1(i) gives the existence of a new type of quasi-periodic orbit, and Theorem 1(ii) gives the relationship between these orbits and an AM set. From Theorem 1(ii), we also know the following. Suppose that we go down the TSBT along the path {p i /q i } i≥1 to ω. The limit of p i /q i -NBF as i tends to ∞ is the endpoints of the AM set Σ rec ω or is at the action-minimaximizing quasi-periodic orbit in the gap of the AM set. This is a new characterization of the AM set.
If Next, we give Theorem 3, which determines the dynamical order relations between NMQs. Here, A → B means that the existence of A implies the existence of B Theorem 3. Assume that a region of instability, Z(ω − , ω + ), exists for the standard mapping. Let ω and ω be irrational numbers in the interval (ω − , ω + ), and p/q and p /q be rational numbers in the interval (ω − , ω + ).
(i) For the case of
Theorem 4.
(i) For the case of p /q ≤ r /s < r/s ≤ p/q, the following order relation holds.
H(p /q , p/q) → H(r /s , r/s).
( 1 . 9) (ii) For the case of ω ≤ Ω < Ω ≤ ω, the following order relation holds.
H(ω , ω) → H(Ω , Ω).
( 1 . 10) (iii) For the case p /q < ω < ω < p/q, the following order relation holds.
( 1 . 11) (iv) For the case of ω < p /q < p/q < ω, the following order relation holds.
Finally, we comment on the applicability of our theorems to other twist maps. Here, we rewrite the function as f (x) = aF (x). We can apply Theorems 1-4 to EAPTs satisfying standing assumptions (I) and (II) and the following conditions:
. The reversibility holds. iii) F (x) is unimodal and F (x) is positive in the region 0 < x < π. iv) Every p/q-BE has its orbital point on S G (1). The conditions from i) to iii) are reasonable. We do not know whether or not condition iv) holds for a given EAPT. In fact, there exist EAPTs that satisfy all the above conditions except iv). Thus, we need condition iv).
In §2, we prepare the mathematical tools. In §3, Theorems 1 and 2 are proved. In §4, Theorems 3 and 4 are proved. In §5, we give a remark on Greene's residue criterion. In the Appendix, the notations used in this paper are listed. §2. Mathematical tools
Symmetry axes and symmetric periodic orbits
The sets of fixed points of H and G are called the symmetry axes. In the universal cover, the symmetry axes S H (n) and S G (n) for n ∈ Z of the lifts H and G are obtained in the following form:
Let S + H (n) and S + G (n) be the symmetry axes located in the region y > 0. In the present paper, we consider two expressions for orbits in the universal cover. One is the (simple) orbit O(z) of a point z:
The other is the extended orbit EO(z) of a point z: 14) EO
The quantity p/q is the rotation number of the orbit. In the present paper, we regard p as a non-negative integer and q as a positive integer; that is, we consider only non-negative rotation numbers. Let us consider a p/q-periodic point z. If two points of T i z (i = 0, . . . , q − 1) are on the symmetry axes, we call its orbit a symmetric p/q-periodic orbit. We are concerned with symmetric periodic orbits starting at S
Let us give the basic properties of a symmetric p/q-periodic orbit. 16)
but that no T i z for 0 < i < n is located on a symmetry axis. Then the period is q = 2n − 1, and the rotation number is p/q = (
, but that no T i z for 0 < i < n is located on a symmetry axis. Then the period is q = 2n + 1, and the rotation number is p/q = (
, but that no T i z for 0 < i < n is located on a symmetry axis. Then the period is q = 2n, and the rotation number is p/q = (
is located on a symmetry axis. Then the period is q = 2n, and the rotation number is p/q = (k 2 − k 1 )/(2n).
Birkhoff and non-Birkhoff periodic orbits
An orbit EO(z) is said to be monotonic if for any two points, r, s ∈ EO(z),
where π x (r) is the x-coordinate of r. If there exists a pair of points r and s not satisfying Eq. (2 . 6), we call the orbit a non-monotonic orbit. If the orbit is periodic and monotonic, we call it a monotonic periodic orbit or a Birkhoff periodic orbit.
If it is non-monotonic, we call it a non-monotonic periodic orbit or a non-Birkhoff periodic orbit. If, in addition, the rotation number p/q is given, the Birkhoff periodic orbit is called a p/q-Birkhoff periodic orbit, and it is denoted as a p/q-B. It is well known that there are (at least) two p/q-Bs for every p/q in lowest terms in the monotonic twist mappings, including the standard mapping. In the standard mapping, there are two symmetric p/q-Bs for every rotation number p/q in lowest terms. We denote the elliptic periodic orbit as a p/q-BE and the saddle orbit as a p/q-BS.
Resonance regions and non-Birkhoff periodic orbits
The stable and unstable manifolds of a p/q-BS intersect each other or construct a saddle connection. In the latter case, the so-called separatrix is formed. For simplicity of discussion, we postulate Standing Assumption (I), that is, the stable and unstable manifolds of any p/q-BS are assumed to intersect transversely with each other for a > 0. We construct the resonance region Z p/q (z 0 ) by using the arcs of the stable and unstable manifolds of the adjacent saddle points (of p/q-BS) of z 0 , where z 0 is an orbital point of p/q-BE. Next, collecting all resonance regions of the p/q-BS, the resonance chain Z p/q is defined. The detailed procedure for constructing the resonance regions is explained in Ref. 16 ).
Definition of symmetric non-Birkhoff periodic orbit.
There are various kinds of symmetric non-Birkhoff periodic orbits. In the present paper, however, for definiteness, we use this name in a restricted sense. Suppose that a symmetric p/q-periodic orbit has its orbital points only in two resonance chains, 
If we put p = p 1 + p 2 and q = q 1 + q 2 , then these numbers satisfy the relation and
and l 1/3 (0) are displayed in Fig. 1 , where
2). In the following, the abbreviation l p/q for l p/q (n) is also used.
Stern-Brocot tree
By omitting two fractions 0/1 and 1/1 from the Stern-Brocot tree (SBT) in the region satisfying [0/1, 1/1], we obtain the trimmed Stern-Brocot tree (TSBT) illustrated in Fig. 2. 16) It is noted that the TSBT is a binary tree whose root is at fraction 1/2. Every parent node has two child branches, and every child node also has its own two child branches. Let the floor where 1/2 is be the first floor, and the floor where two fractions 1/3 and 2/3 are be the second floor, and so on. Here, we introduce the matrix notation [p/q] of p/q in the TSBT: and two operators L and R, where L is the operation of choosing the left branch at a given node and R is that of choosing the right branch in the TSBT. These operations also have matrix representations:
In the TSBT, a path from 1/2 to any p/q is represented by a sequence of L's and R's. We call it the LR-representation. Suppose a path {p i /q i } is given. If, for some n, there are three consecutive fractions p n−1 /q n−1 , p n /q n , and p n+1 /q n+1 such that p n−1 /q n−1 > p n /q n and p n /q n < p n+1 /q n+1 , the sequence is said to have an LR-turn at p n /q n . We frequently call p n /q n the fraction of the LR-turn. Similarly, if, for some n, there are three consecutive fractions p n−1 /q n−1 , p n /q n , and p n+1 /q n+1 such that p n−1 /q n−1 < p n /q n and p n /q n > p n+1 /q n+1 , the sequence is said to have an RL-turn at p n /q n . We call p n /q n the fraction of the RL-turn. There exist infinitely many LR-turns and RL-turns in the path to an irrational number. If their number is finite, the end of the LR-representation is R ∞ or L ∞ and thus the path accumulates at a rational fraction.
We introduce the k-th LR-turn and the k-th RL-turn in {p i /q i }, which tends to an irrational number ω from 1/2. Let p m k /q m k be the fraction of the k-th LRturn, and p n k /q n k be the fraction of the k-th RL-turn. Note that {p m k /q m k } and {p n k /q n k } are subsequences of {p i /q i }. The following relations hold:
Equations (2 . 9) and (2 . 10) mean that the path oscillates around ω and accumulates at ω. There are two types of paths of infinite length. In the first type, lim i→∞ p i /q i is a rational number. In the second type, lim i→∞ p i /q i is an irrational number. These paths were discussed in Ref. 17).
Region of instability
Let a c (ω) be the critical parameter value at which the KAM curve of the irrational rotation number ω (the ω-KAM) is disintegrated. As is well known, for a > a c (ω), there exists the AM set (the ω-AM), Σ rec ω , of rotation number ω instead of the ω-KAM. This ω-AM is located on a graph of a Lipschitz curve, say, ζ ω . However, its image T ζ ω is not a graph. Then, it follows the existence of a region of instability 8) containing ζ ω . The lower boundary of the region of instability is located below ζ ω and the upper one above ζ ω . These boundaries are the KAM curves for rotation numbers ω − and ω + . We call them the ω − -KAM and ω + -KAM. We denote this region of insatiability by Z(ω − , ω + ).
If a p/q-NBF exists in Z(ω − , ω + ), the following relation holds: 
Dynamical objects used in the proof of theorems
Let us describe the geometry of various objects in the phase plane which play important roles in the proof of theorems in § §3 and 4. The branch W 1 u (P 0,0 ) of the unstable manifold of P 0,0 and the branch W 1 s (P 1,0 ) of the stable manifold of P 1,0 are illustrated in Fig. 3 is also illustrated in Fig. 3 . The region including Γ u and Γ s is displayed in Fig. 4 . In Fig. 4 , Γ u penetrates through the resonance region Z 1/3 (α) and goes into Z 1/2 (β), where β is the orbital point of the 1/2-BE and α is that of the 1/3-BE. Here, we explain the reason why the situation displayed in Fig. 4 arises. We first point out that arc [u,
and y = 0 (π ≤ x ≤ 2π) have a tangent point and thus [u, 0 ) also intersects the arc y = 2π (2π ≤ x ≤ 3π). Thus, Γ u intersects the arc y = 2π (2π ≤ x ≤ 3π). Because this fact, there exists a parameter value of a (0 < a < 2π) such that Γ u intersects Z 1/3 (α) and Z 1/2 (β), as displayed in Fig. 4 . In what follows, we always consider the resonance regions that intersect T S + G (1) (see Fig. 5 ). Next, we explain the configuration displayed in Fig. 5 . We assume that there exists a path {p i /q i } i≥1 tending to ω from 1/2, and that a p k /q k -NBF for some
The relations ω − < p l /q l < ω < p r /q r < ω + hold. We take resonance region Z p n /q n (δ n ) such that ω < p n /q n < p r /q r and n > k hold, and δ n ∈ T S + G (1) is the orbital point of the p n /q n -BE. In Fig. 5 , Z p mk /q mk (γ) is the resonance region of γ, where γ is an orbital point of p mk /q mk -BE, and p mk /q mk represents the mk-th LR-turn of the path {p i /q i } i≥1 and satisfies ω − < p mk /q mk < ω.
Definition of p q ⊕ ω-NMQ
We have defined p/q ⊕ p /q -NBFs in §2. 3 . A p/q-resonance chain is associated with p/q, whereas a p /q -resonance chain is associated with p /q . A p/q ⊕ p /q -NBF is a non-Birkhoff periodic orbit of rotation number (p + p )/(q + q ). Now, we let p , q tend to ∞ in the TSBT. Then, formally, the period q + q tends to q + ∞. This corresponds to a quasi-periodic orbit. Letting p /q tend to ω, we denote this quasi-periodic orbit by 
Lipschitz curve on which AM set lies
Let ω = lim n→∞ p n /q n be an irrational number, where p n /q n is an element of the n-th floor in TSBT and a series {p n /q n } (n ≥ 1) is a path to ω in TSBT. Here, we define ζ ω and L r ω (see Figs. 5 and 6) as
and 
It is noted that ∆ ω includes the orbit O(χ 0 c ), which is an action-minimaximizing quasi-periodic orbit and is homoclinic to the endpoints of the ω-AM. 12) We are interested in the property of ζ ω . Note that T Z p n /q n = Z p n /q n . This fact is derived from the construction of resonance regions and a resonance chain [see Ref. 16 (2) are orbital points of the 1/2-BE. On the other hand, the relation H Z p n /q n = Z p n /q n holds. If T ζ ω = ζ ω , then ζ ω is an invariant curve. This is the so-called KAM curve (the ω-KAM). The condition 
)]. For example, we have
T Z 1/2 (z 0 ) = Z 1/2 (z 1 ), but T Z 1/2 (z 1 ) = Z 1/2 (z 2 ) where z 0 ∈ S + G (0), z 1 ∈ S + G (1) and z 2 ∈ S + G
T ζ
, then the ω-KAM is absent. Here, we summarize the motion of points of the ω-KAM under the map. In particular, we want to confirm that there are different types of motion already in the KAM curve and that this difference manifests itself when the KAM curve metamorphoses into the AM set and the remaining sets.
The curve on which the ω-KAM locates is homotopic to circle S 1 encircling the cylinder. Therefore, the orbit can be represented by circle mapT which is the restriction of T to S 1 . The Poincaré theorem 12) classifies the orbits of irrational rotation number in S 1 as follows:
Type I: A monotonic orbit dense in S 1 . Type II: A monotonic orbit dense in a Cantor set. Type III: A monotonic orbit homoclinic to a Cantor set.
The orbits O(χ 0 l ) and O(χ 0 r ) are included in a Cantor set that will be the ω-AM after the destruction of the ω-KAM. These are the orbits of Type II. The orbit O(χ 0 c ) is homoclinic to a Cantor set. This is the orbit of Type III.
is located in the forward and backward images ofL l ω and is included in ∆ ω after the destruction of ω-KAM. This is an orbit of Type I and also Type III. In the ω-KAM, the orbits of Types I and III degenerate. After the destruction of the ω-KAM, the splitting of the degenerate curve occurs, and orbits of Type I disappear and those of Types II and III survive. Therefore, we observe a sudden change from the continuous curve to a Cantor set. However, the origin of sudden change is provided during the state of the ω-KAM. Types II and III are located in S 1 . Note that the splitting causes the appearance of a turnstile structure (see Fig. 7 ). The turnstile is constructed of the arcs T L l ω and L r ω . The area of the bump above L r ω indicates the amount of flow traversing ζ ω from the lower region to the upper region.
Next, we consider the behavior of orbits after the destruction of the ω-KAM.
The forward orbit of η 0 is located on ζ ω and the "forward" rotation number is defined as ω. The "backward" rotation number for almost all points inL r ω is indefinite. The backward orbit of Hη 0 ∈L l ω stays in ζ ω and the backward rotation number is defined as ω. However, the forward rotation number for almost all points inL l ω is indefinite. Here, the symmetry axis of H is assumed to be S H (1) . It is useful to summarize the properties of ζ ω as Property 2.8.1. 
Property 2.8.1 The following properties for
ζ ω hold if ω-KAM disappears. (i) T ζ ω = ζ ω . (ii) The orbits, O(χ 0 l ), O(χ 0 c ) and O(χ 0 r ), are included in ζ ω , where {χ 0 l , χ 0 c , χ 0 r } ⊂ L l ω ⊂ ζ ω . (iii) If z is located in L l ω \{χ 0 l , χ 0 c , χ 0 r }, the backward orbit of z is located in ζ ω . If z is located in L r ω \{χ 1 l , χ 1 c , χ 1 r }, the forward orbit of z is located in ζ ω . (iv) For ω − < p/q < ω + and ω − < ω < ω + , the relation ζ ω ∩ Z p/q = ∅ holds. For ω − < ω < ω < ω + , the relation ζ ω ∩ ζ ω = ∅ holds.
Proof of Theorem 1
Proof of (i). From our hypothesis that a p k /q k -NBF exists and from Theorem 1 of Ref. 16 ), a p n /q n -NBF exists for any n ≥ k. We write, for convenience, FP[p k /q k ] = {p l /q l , p r /q r }. The existence of both Z(ω − , ω + ) and p k /q k -NBF implies the relations ω − < p l /q l < p k /q k < p r /q r < ω + . The existence of the p k /q k -NBF implies the following relations:
where i = (q r + 2)/2 for even q r , i = (q r + 1)/2 for odd q r , i = (q l − 2)/2 for even q l , and i = (q l − 1)/2 for odd q l . Note in Fig. 8 that T i l p r /q r (−p r + 1) is a "Z"-shaped thick arc, and
is the orbital point of the p l /q l -BE. The intersection points displayed by circles in Z p l /q l (α) are the orbital points of p k /q k -NBFs with p k = p l + p r and q k = q l + q r . We denote these orbits also by p l /q l ⊕ p r /q r -NBFs.
We fix n > k and take p n /q n (> ω). The resonance region Z p n /q n (δ) is located between Z p r /q r (β) and L r ω since n > k. Here, δ ∈ T S + G (1) is the orbital point of the p n /q n -BE. Next, we choose p mk /q mk of thek-th LR turn. The resonance region
is the orbital point of the p mk /q mk -BE. Since T j l p n /q n (−p n + 1), represented by the thin line in Fig, 8 , avoids intersecting T i l p r /q r (−p r + 1), it intersects the diagonal arc 
represented by a thin curve. These curves resemble the letter "Z".
Here, j = (q n +2)/2 for even q n , j = (q n +1)/2 for odd q n , j = (q mk − 2)/2 for even q mk , and j = (q mk − 1)/2 for odd q mk . The intersection points displayed by the squares in Z p mk /q mk (γ) are the orbital points of the (p n + p mk )/(q n + q mk )-NBs, i.e., the (p n /q n ) ⊕ (p mk /q mk )-NBs. In the limitk tending to ∞, the intersection points accumulate at points located on L r ω . The point denoted by ξ n in Fig. 8 is one of the accumulation points. From the construction, the orbit of this point is not confined in ζ ω , which implies that this orbit is not monotonic. We denote this orbit by a p n /q n ⊕ ω-non-monotonic quasi-periodic orbit or p n /q n ⊕ ω-NMQ for short. Using the same argument, we obtain a p n /q n ⊕ ω-NMQ for p n /q n < ω. In the following paragraph, we show that these are actually quasi-periodic.
The p n /q n ⊕ ω-NMQ has a "forward" rotation number ω. From Property 2.8.1(iii), the future orbit starting at ξ n stays in ζ ω . For the future orbit starting at T −k ξ n for any positive k, an infinite number of orbital points are in ∆ ω ⊂ ζ ω . Hence the "forward" rotation number is ω. In order to obtain the "past" rotation number, let us consider the past orbit of ξ n . From the definition, z 0 = T −j ξ n is on the symmetry axis of H when q n is even, and on the symmetry axis of G when q n is odd. Let us consider where the case q n is even. Then, z 0 is in S
are in the resonance chain of p n /q n -BE, and T k z 0 for k < −q n /2 are again in ∆ ω . Thus, the p n /q n ⊕ ω-NMQ has a "backward" rotation number ω. Therefore, the p n /q n ⊕ ω-NMQ has the rotation number ω. (Q.E.D.) Proof of (ii). In Fig. 9 , points δ, ξ n , and ξ n are the intersection points of T j l p n /q n with T S G (1) and L r ω . If we increase n to n , the point δ moves to δ , ξ n moves to ξ n and ξ n moves to ξ n . Clearly, points δ, ξ n , and ξ n tend to χ 1 c and χ 1 r as n tends to ∞. The two points are intersections of T L l ω and L r ω . From the fact that 
Supplement to Theorem 1(ii)
The limit of p n /q n ⊕ω-NMQ as n tends to ∞ coincides with the limit that we go down the TSBT along the path {p n /q n } n≥1 to ω. This implies that the orbital points of p n /q n -NBF in the limit of n tending to ∞ accumulate at the endpoints of Σ rec ω or the orbital points of the action-minimaximizing quasi-periodic orbit in ∆ ω . This is a new interpretation of the AM set and the action-minimaximizing quasi-periodic orbit.
Proof of Theorem 2
(i) We consider the cases where ω − < ω < p /q < p/q < ω + and both q and q are even. The other cases can be proved in a similar manner. The existence of p/q ⊕ ω-NMQ implies that T n l p/q (−p + 1) with n = q/2 + 1 intersects L r ω . On the other hand, T n l p /q (−p + 1) with n = q /2 + 1 avoids intersecting T n l p/q (−p + 1) and thus it also intersects L r ω (see Fig. 10 ). Thus, the existence of p /q ⊕ ω-NMQ is proved. (Q.E.D.) (ii) We consider the cases that ω − < ω < ω < p/q < ω + and q is even. The other cases can be proved in a similar manner. The existence of p/q ⊕ ω-NMQ implies In this section, we prove Mather's connecting Theorem B for ω = ω through our method (Theorem 3) and derive order relations among connecting orbits (Theorem 4). We denote the set of orbits connecting the p/q-BS to the p /q -BS by H(p/q, p /q ). Similarly, let H(ω, ω ) be the orbits connecting the orbits of points in ζ ω to those in ζ ω . The notation H(ω, ω ) means that, for z 0 ∈ H(ω, ω ), the α-limit set is included in ζ ω and the ω-limit set is included in ζ ω . The notations, H(ω, p/q) and H(p/q, ω), are also used.
Proof of Theorem 3
Proof of (i). The situation that p/q ⊕ p /q -NBF exists is displayed in Fig. 11 Fig. 12 ). Thus, the non-monotonicity is proved. 
and p /q < t n /u n < r n /s n < p/q for n ≥ k. Let us assume that q is even and q is odd. For the other cases, the proofs are similar and thus omitted. The existence of (p+p )/(q+q )-NBF implies T i l p/q (−p+1)∩T −i l p /q (p +1) = ∅, where i = q/2+1 and i = (q −1)/2. As before, T j l r n /s n (−r n +1) avoids intersecting T i l p/q (−p + 1), and hence intersects T −j l t n /u n (u n + 1). In Fig. 13 , T i l p/q (−p + 1) is illustrated by the thick line and T j l r n /s n (−r n + 1) is by the thin line. Their shapes resemble the letter "Z". The arc T −i l p /q (p + 1) is located in Z p /q (α) and T −j l t n /u n (u n + 1) is in Z t n /u n (γ). The intersection points displayed by filled squares are the orbital points of (r n + t n )/(s n + u n )-NB (or r n /s n ⊕ t n /u n -NB). In the limit of n tending to ∞, the sequence of these orbits accumulates at ω 2 ⊕ω 1 -NMQ denoted by H(ω 2 , ω 1 ) . Clearly, the orbital points z n (n ≤ 0) of H(ω 2 , ω 1 ) are located in ∆ ω 2 and the points z n (n ≥ 1) are in ∆ ω 1 . The inverse connecting orbit H(ω 1 , ω 2 ) is also proved in a similar manner.
Finally, let us show that H(ω 1 , ω 2 ) is non-monotonic. The orbit O(ξ 0 ) jumps down from ∆ ω 2 to ∆ ω 1 and the forward orbit is located in ∆ ω 1 . Its rotation number is close to ω 1 . The orbital point z 0 = R m L l ω 2 is shifted from ξ 0 by 2mπ, where R is the shift operator defined by R(x, y) = (x + 2π, y). The backward orbit of z 0 is located in ∆ ω 2 . There exists an integer k such that
Proof of (iii). Using the same method as in the proofs of (i) and (ii), the statement (iii) is derived. (Q.E.D.)
Birkhoff proved the existence of the orbit connecting the -neighborhood N (ω + ) of ω + -KAM and N (ω − ) of ω − -KAM. Combining that result and our result, we have the orbit connecting N (ω ± ) and ζ ω and the one connecting N (ω ± ) and p/q-BS where the relation ω + > p/q > ω − is satisfied.
Proof of Theorem 4
Let us give a proof of (i). Using the same method as that described above, the other relations are obtained. Thus, we omit the proofs for (ii), (iii) and (iv). Proof of (i). The situation at which H(p /q , p/q) exists is displayed in Fig. 15 
Remarks
We remark on the relationship between the connecting orbits and the diffusion process in the phase space. Suppose that a p /q ⊕ p/q-NBF exists in Z(ω − , ω + ). Let the region sandwiched by the ω + -KAM and the upper boundary of Z p/q be A + , and the region sandwiched by the ω − -KAM and the lower boundary of Z p /q be A − . Let the region sandwiched by the upper boundary of Z p/q and the lower boundary of Z p /q be A c . The existence of p /q ⊕ p/q-NBF implies the existence of orbits connecting z 0 ∈ Z p /q and z 1 ∈ Z p/q . From this fact, we can call the region Z p/q ∪ A c ∪ Z p /q a rapidly diffusive region. The existence of NBF means the existence of the rapidly diffusive region. The motion in a small neighborhood of ω ± -KAMs may be described by the Nekhoroshev theory. 18) Then, how can the motion in A ± be described? In A ± , the trapping effect by the resonance chains is more important than the Nekhoroshev effect. The motion may be related to Mather's second connecting theorem and is a subject for future study. Finally, we consider the chaotic motion. The phase space is filled with resonance chains related to rational numbers and ζ ω related to irrational numbers. Motion is regular as long as the orbital points in the future or the past are located in ζ ω . Therefore, there are two types of the chaotic orbits. The first type is the motion trapped in one resonance chain. The second type is the motion among many or an infinite number of resonance chains. We are interested in the ratio of two types of motion as a function of the parameter. This is another subject for future study. §5. A remark on Greene's residue criterion
Greene's criterion and our result
Using Greene's residue criterion, 19) we can numerically estimate the critical value at which a KAM curve disappears in a twist mapping. This value seems almost exact in some maps. However, the justification of Greene's criterion has so far not been obtained. We here give a partial justification. Our result is a different version from that of Falcolini and de la Llave. 20) Let us introduce several notations.
A p/q-BE turns into a saddle with reflection if it undergoes period-doubling bifurcation, whereas a p/q-BE turns into an ordinary saddle if it undergoes equiperiod bifurcation. In order to distinguish these saddles from p/q-BSs, we call them p/qBSEs.
We consider the sequence {p k /q k } k≥1 , which forms a path in the TSBT toward ω from 1/2. Greene's residue criterion claims that the ω-KAM curve exists if and only if all p k /q k -BEs for k ≥ 1 are stable elliptic orbits. Half of the statement is equivalent to the statement that the ω-KAM curve does not exist if there is an integer n * such that a subsequence {p k /q k -BSE} k≥n * exists.
In the twist map, Falcolini and de la Llave gave a rigorous partial proof of Greene's criterion under the assumption that Aubry-Mather sets are uniformly hyperbolic. In our approach, the map is restricted to the standard mapping. We do not use the assumption used by Falcolini and de la Llave. Here, we represent our result as Theorem 5.
Theorem 5.
There is an integer n * such that the sequence {p k /q k -BSE} k≥n * accumulates at the orbit in the gap of the AM set of irrational rotation number ω if the KAM curve with rotation number ω is absent in the standard mapping.
Proof of Theorem 5
Suppose that the ω-KAM is absent, and consider the parameter in the range (a c (ω), a c (ω) + δ) where a c (ω) is the critical value at which ω-KAM disintegrates, and δ is any small positive number. We proved the following relation: 17) where a c (p k /q k ) is the critical value at which the p k /q k -NBF appears through saddlenode bifurcation. Thus, there exists an integer n * such that p n /q n -NBFs for n ≥ n * exist. In the following, we consider the situation in which the p n /q n -NBF exists. The Farey partition of p n /q n is expressed as FP[p n /q n ] = {p l n /q l n , p r n /q r n }, where p n = p l n + p r n and q n = q l n + q r n . From the structure of the TSBT, p l n /q l n or p r n /q r n is equal to p n−1 /q n−1 for n ≥ 2.
Lemma 5.2. If the p n /q n -NBF exists in the standard mapping, then the three-fold horseshoe H 3 (p n /q n ) exists in every resonance region of Z p n /q n , and hence p n /q n -BSE exists in Z p n /q n .
In §5.3, Lemma 5.2 will be proved. Now, the existence of a p n /q n -NBF implies that of a p n /q n -BSE. We denote this by p n /q n -NBF→ p n /q n -BSE. From Theorem 1(ii) in Ref. 16 ), we have the relation p n /q n -NBF→ p j /q j -NBF for j > n. This implies the relation p n /q n -NBF→ p j /q j -BSE for j ≥ n. As a result, the sequence of p j /q j -BSEs for j ≥ n accumulates at point χ 1 c located in the gap of the ω-AM (see Fig. 16 ). Thus, the proof is completed. (Q.E.D.)
Proof of Lemma 5.2
In order to prove Lemma 5.2, we use the situation displayed in Fig. 17 , where the resonance region Z p n /q n (α q n ) is located between Z p l n /q l n (β q l n ) and Z p r n /q r n (γ q r n ), and α q n , β q l n and γ q r n are Birkhoff periodic points. Our main purpose is to prove that α q n is a point of a BSE. In order to prove this fact, we prove the existence of the three-fold horseshoe H 3 (p n /q n ). We do not know whether β q l n and γ q r n are BSEs or not.
Suppose that q l n is odd and q r n is even. For the other cases, the proofs are similar and thus omitted. From the assumption that the p n /q n -NBF exists, T m l p l n /q l n (−p l n + 1) Fig. 16 . p j /q j -BSEs accumulate at the point χ
